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CONCEPTUAL BENCHMARKS OF THE RESEARCH

The Thesis is referred to the qualitative theory of differential equations. The inte-

grability of cubic differential systems, with a singular point of a center or a focus type,
having two invariant straight lines and an irreducible invariant cubic is studied.
Actual research status. Modern science has shown that the study of phenomena from
nature involves the creation of mathematical models which cover their main characteristics
by form. This has led to the fact that the most suitable model for evolutive phenomena
can be represented by a system of differential equations. Thus, in the second half of the
19th century the foundations of the modern theory of stability have been laid by works
of the Russian mathematician A.M.Lyapunov, which defined in his PhD thesis (1892) the
basic concepts of stability. Important results in this direction have been obtained by H.
Poincare and J. Maxwell in the study of stability of motion of the celestial bodies. A
qualitative leap of differential equations represents the 20th century, by introducing new
methods: the method of topological degrees, the theory of bifurcations, etc.

One of the most important problem in the qualitative theory of differential equations
is the cyclicity problem, called the local 16th Hilbert problem which deals with the esti-
mation of the number of limit cycles, i.e. isolated periodic solutions, that can bifurcate
from a singular point of a center or a focus type, when the coefficients of the differential
system are perturbed by an arbitrarily small amount. This problem is part of the still
unsolved 16th Hilbert problem given by Hilbert [22] at the beginning of the past cen-
tury. An important step in solving the cyclicity problem is the problem of distinguishing
between a center and a focus, called the problem of the center.

The study of the problem of the center was initiated in the works of Poincaré [29] and
Lyapunov [28]. Using their proposed methods, the presence of a center can be established
by solving an infinite system of polynomial equations whose variables are parameters
of the system of differential equations. The polynomial equations are called the center
conditions and the polynomials - the focus quantitis (or the Lyapunov quantities).

By Hilbert’s basis theorem, an infinite set of conditions is equivalent to a finite one.
There is a finite number of focus quantities such that their vanishing implies the vanishing
of all of them. It is only necessary to find a finite number of Lyapunov quantities, though
in any given case it is not known a priori how many are required.

Although it dates from the end of the 19th century, the problem of the center is
completely solved only for: quadratic systems (Dulac, Kapteyn, Frommer, Saharnikov,
Sibirschi, Malkin, Schlomiuk, Zoladek); cubic symmetric systems (Malkin, Sibirschi,
Rousseau, Schlomiuk, Zoladek); the Kukles system (Kukles, Cherkas, Christopher, Lloyd,
Suba, Schlomiuk, Sadovskii); the Lotka-Volterra complex quartic system (Fercec, Giné,

Romanovski); the Lotka-Volterra complex quintic system (Gine and Romanovski) etc.



The phase portraits of all quadratic systems having a center were obtaned by Vulpe
in [40] and the center conditions for cubic symmetric systems were expressed in terms of
algebraic invariants by Sibirschi [37].

The problem of determining when a cubic differential system, containing both quadra-
tic and cubic terms, has a center at a singular point is not completely solved. Necessary
and sufficient conditions for a singular point with purely imaginary eigenvalues to be a
center were obtained in some particular cases: for cubic systems with degenerate infinity
(Kompel, Suba, Chavarriga, Giné), for cubic systems of a special form containing a certain
number of parameters (Daniliuk, Suba, Romanovski, Lloyd), for a nine-parameter cubic
system that can be reduced to a Liénard type system (Bondar, Sadovskii, Shcheglova),
for cubic systems with four invariant straight lines and with three invariant straight lines
(Subé&, Cozma), for cubic systems with two invariant straight lines and one invariant conic
(Cozma), for cubic systems which have a first integral of the form F'FJ? = C' (Baltag),
where F; and F5 are polynomials of degree four and six, respectively.

The problem of the center was studied for some classes of polynomial differential
systems in the monographs of Sadovskii [34], Romanovski and Shafer [33], Christopher
and Li [6], Cozma [13], Zhang [41], Popa and Pricop [30]. The solution to the generalized
problem of the center (Ciobanu [8]) was obtained by Popa and Pricop in [31].

The problem of cyclicity of a singular point of a center or a focus type was investigated
for some classes of cubic differential systems by Zoladek [43], Bothmer and Kroker [3], Yu
and Han [45], Romanovski and Shafer 33|, Levandovskyy, Pfister and Romanovski [25],
Gaiko [19], Li, Liu and Yang [26], Fer¢ec and Mahdi [18], etc.

The problem of integrability for polynomial differential systems with singular points
of a center type and with a given number of algebraic solutions was studied in the works
of Suba [38], Kooij and Christopher [24], Chavarriga, Giacomini, Giné [5], Christopher,
Llibre, Pantazi and Zhang [7], Giné and Romanovski [21], Cao, Llibre and Zhang [4],
Dukaric and Giné [17].

A new approach to the problem of the center was realized in the works of Suba and
Cozma (13,15, 38] for polynomial differential systems by taking into account simultane-
ously the invariant algebraic curves, the focus quantities and Darboux integrability. They
proposed a new direction in investigating the problem of the center for polynomial differ-
ential systems, the problem of center sequences: for each fixed number n, n > 3 find all
center sequences of polynomial differential systems of degree n with singular points of a
center or a focus type.

In [13] Cozma solved the problem of center sequences for cubic differential systems
with: four invariant straight lines, three invariant straight lines, two invariant straight

lines and one irreducible invariant conic.



In the Thesis we study the problem of the center for the cubic differential system
with a singular point of a center or a focus type having two invariant straight lines
L =14+axz+by =0, =14 asx + by = 0 and one irreducible invariant cubic
O = 22 + % + aspx® + an2®y + aay? + agsy® = 0. The following two fundamental

problems were formulated:

Problem 1. Determine for cubic differential systems the conditions for the existence of

two distinct invariant straight lines and one irreducible invariant cubic.

Problem 2. Find all center sequences for cubic differential systems with two invariant

straight lines and one irreducible invariant cubic.
The Problems 1 and 2 are solved in Chapters 2, 3, and 4.

Aim of the research: to determine the center conditions for cubic differential systems
with two distinct invariant straight lines and one irreducible invariant cubic.
Objectives of the research:

— to obtain the conditions for the existence of two invariant straight lines and one
irreducible invariant cubic for the cubic differential system with a singular point of a
center or a focus;

— to study the integrability of the cubic systems with two invariant straight lines and
one irreducible invariant cubic;

— to solve the problem of the center for cubic systems with two invariant straight lines
and one irreducible invariant cubic;

— to find the cyclicity of a singular point of a center or a focus type for cubic systems

with two invariant straight lines and one irreducible invariant cubic.

The research hypothesis. The problem of the center for the cubic differential system,
with two invariant lines and one invariant cubic, will be solved if: the efficient relations
between invariant algebraic curves, focus quantities and local integrability are established;
the method of Darboux integrability is developed; the center sequences for cubic systems
with two invariant straight lines and one irreducible invariant cubic are determined.

The formulated objectives have contributed to the foundation of scientific concepts.
For the first time, for cubic differential systems will be determined new sets of necessary
and sufficient conditions for the existence of a center, which represents an important step

in solving of the 16th Hilbert problem on limit cycles.

Novelty and scientific originality. The problem of the center was solved for the cubic
differential system with a singular point a fine focus having two invariant straight lines
[y =0, I = 0 and one irreducible invariant cubic & = 0. Thus:

— new center conditions for the cubic differential system with two invariant straight

lines and one irreducible invariant cubic were obtained;



— the method of Darboux integrability can be applied to prove centers in cubic systems
when its algebraic solutions form a bundle of curves or they are in generic position;

— the center sequences for cubic differential systems with two invariant straight lines
and one irreducible invariant cubic were found;

— new results in the problem of cyclicity for cubic differential systems with invariant

straight lines and irreducible invariant cubic were obtained.

The main scientific problem solved consists in establishing of some efficient relations
between invariant algebraic curves, focus quantities and local integrability, which con-
tributed to the development of the Darboux integrability method. This made possible to
obtain new sets of necessary and sufficient center conditions for cubic differential systems

with two invariant straight lines and one invariant cubic.

Methodology of scientific study. The investigations carried out in the Thesis are based
on the methods of qualitative theory of dynamical systems, the methods of algebraic
computations, the methods of parametrization of the algebraic curves, the method of

Darboux integrability and the method of reversibility.

The theoretical significance of the work: it was elaborated an efficient method
in solving the problem of center based on relations between the existence of algebraic

invariant curves, focus quantities and Darboux integrability.

The practical value of the work: the results obtained for cubic differential systems
concerning the problem of the center and the problem of cyclicity represent an important

step in solving the 16th Hilbert problem about limit cycles.
Obtained scientific results to be defended:

— the necessary and sufficient conditions for the cubic differential system with a singular
point a fine focus to have two invariant straight lines and one irreducible invariant cubic;

— the center sequences for cubic differential systems with two distinct invariant straight
lines [y =1+ a1z + by =0, I =14 asx + byy = 0 and one irreducible invariant cubic
O = 2% + ¢ + agox® + a0 2%y + ary® + agsy® = 0:

(l||la, @3 N =2); (Iy, la, Iy H 1o, ; N = 3);

— the necessary and sufficient center conditions for cubic differential systems with two
invariant straight lines and one irreducible invariant cubic;

— demonstration of Darboux integrability or reversibility for cubic differential systems

with a center having two invariant straight lines and one irreducible invariant cubic.

Implementation of the scientific results. The obtained scientific results can be used:
— in investigations of the integrability problem and the problem of limit cycles for
polynomial differential systems;
— in the study of mathematical models which describe some social and natural pro-

cesses: ecology, immunology, the populations dynamics, epidemiology, plasma physics,
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laser physics, neural networks and others;
— as support for Master Thesis and some optional university courses for students and

master students.

Approval of obtained scientific results. The obtained scientific results to be defended
were examined and approved by various research seminars: "Differential Equations and
Algebras" of Tiraspol State University (13 December 2016, 5 April 2017, 29 January
2019), Chigindu; "Differential Equations" of the Department of Differential Equations
and Systems Analysis of Belorussian State University, Minsk, 17 January 2016.

The obtained scientific results were presented at a number of scientific conferences
via invited or contributed talks: International Conference "Mathematics and Informa-
tion Technologies: Research and Education" (MITRE 2019), June 24-26, 2019, Chisinau;
International Conference on Mathematics, Informatics and Information Technologies dedi-
cated to the illustrious scientist Valentin Belousov, April 19 — 21, 2018, Balti; International
Conference "Modern problems of mathematics and its applications in natural sciences and
information technologies", September 17-19, 2018, Chernivtsi, Ukraine; The 26th Confer-
ence on Applied and Industrial Mathematics (CAIM 2018), Chigindu, Tehnical University
of Moldova, September 20 — 23, 2018; The Fourth Conference of Mathematical Society
of the Republic of Moldova, Chiginau, June 28 — July 2, 2017; The 25th Conference on
Applied and Industrial Mathematics (CAIM 2017), Tasi, Roménia, September 14 — 17,
2017; Conferinta Stiintifica Internationala a Doctoranzilor "Tendinte contemporane ale
dezvoltarii stiintei: viziuni ale tinerilor cercetatori", 15 iunie, 2017, Chiginau; Interna-
tional Conference "Mathematics & Information Technologies: Research and Education"
(MITRE 2016), June 23-26, 2016 Chiginau; Conferinta Stiintifica Internationald a Doctor-
anzilor "Tendinte contemporane ale dezvoltarii stiintei: viziuni ale tinerilor cercetatori",
25 mai, 2016, Chiginau; Sesiunea nationala de comunicari stiintifice a studentilor, Uni-
versitatea de Stat din Moldova, 21-22 aprilie, 2016, Chiginau.

Research publications. The list of publications on the subject of the Thesis contains
15 publications: 4 scientific reviewed articles published in 3 countries (Moldova, Romaénia,
Ukraine), 3 articles in collections of reviewed articles, 8 proceedings and abstracts of the

international conferences.

Keywords: cubic differential system, invariant algebraic curve, the problem of the center,
Darboux integrability, center sequence, the problem of cyclicity.

Thesis’s structure. Thesis is written in Romanian on 135 pages of main text and in-
cludes Introduction, 4 Chapters, General Conclusions and Recommendations,

Bibliography with 150 References, Annotations.



CONTENT OF THE THESIS

In the Introduction there are presented the actual status of the conducted research,
the motivation for the proposed research, the purpose and objectives of the thesis, the
importance and advantages of the conducted scientific investigations, novelty and scientific
originality, scientific and research problems solved, the scientific results to be defended as

well as approvement of obtained scientific results.

Chapter 1 contains a survey of the most important results in the field of integrability
of differential equations related to the purpose and objectives of the Thesis: the local
16th Hilbert problem, the integrability problem for polynomial systems with invariant
algebraic curves, the problem of center sequences.

We consider the polynomial system of differential equations of the form

dx

= Pley), = Q) 0

where the dependent variables x and y, and the independent one (the time) ¢ are real,
P(z,y) and Q(x,y) are relatively prime polynomials in the ring of real polynomials R[x, ].
Denote by n = max{deg P,deg Q} the degree of the polynomial system. In particular,
when n = 2 or n = 3, the system (1) will be called a quadratic system or a cubic system.

Let M (z,yo) be a singular point for (1), i.e. P(xg,y0) = Q(z0,v0) = 0. Without loss
of generality we can assume that the singular point O(zg,yo) of (1) coincides with the

origin of coordinates, i.e. g = yo = 0. We consider the linearization of (1) at O(0,0):

dx

d
E —y = blol‘ —|— bmy. (2)

dt

= a10T + any,

One of the most important question which is still open for planar systems of differential
equations is the following: wunder which conditions do the original system (1) and the
linearized system (2) have the same qualitative behavior and the same topological structure
around a singular point O(0,0)?

This problem has been solved unless if the singular point is of a center or a focus type.

If the eigenvalues of the linearized system
A? — (a1o + bor) A + a1obor — broaps = 0

have non-zero real parts (Re); # 0,5 = 1,2) at O(0,0), then the singular point is
hyperbolic and the phase diagrams of the system (1) and its linearization (2) are locally
qualitatively the same.

Situation change when the eigenvalues are purely imaginary A\, = 8, 8 # 0,
i> = —1. In this case, the singular point O(0,0) is a center for the linearized system

(2) and a center or a focus for the nonlinear system (1).



The singular point O(0,0) of differential system (1) is said to be a focus if it has a
punctured neighborhood where all the orbits spiral in forward or backward time and is
said to be a center if it has a punctured neighborhood filled of periodic orbits. Coordinate

changes of axes and time rescaling bring the system (1) to one the form
E=y+ Y piley) =Py, §=-1-Y gy =Qxy), (3)
Jj=2 j=2

where p;(x,y) and ¢;(z,y) are homogeneous polynomials of degree j. In this case for the
singular point O(0,0) of (3) we have A5 = +i, i* = —1. Therefore, it is of a center or a
focus type, called by some authors a weak focus or a fine focus or a monodromic singular
point. Thus, for polynomial differential systems the problem arises of distinguishing

between a center or a focus, called the problem of the center.

The problem of the center. Find the necessary and sufficient conditions on the poly-

nomials P(z,y) and Q(x,y) of (3) such that a singular point O(0,0) to be a center.
Although this problem dates from the end of the 19th century, it is completely solved

only for: quadratic systems & = y + pa(x,y), ¥ = —x + ¢2(x, y); cubic symmetric systems
& =y+ps(z,y), = —r+qs(z,y); Kukles system & =y, § = -z +q2(z,y) +¢3(z, y) and
a few particular cases in families of polynomial systems of higher degree. The problem of

determining when a cubic differential system containing both quadratic and cubic terms

t=y+pz,y) +ps3(z,y), v=—-2+q(ry) +qgzy), (4)

has a center at the singular point O(0,0) is not completely solved.

Over the years, several methods have been developed in solving the problem of the
center. Thus, Lyapunov [28] proved that a singular point O(0,0) is a center for (3) if and
only if the system has a nonconstant analytic first integral F'(x,y) = C in a neighborhood
of 0(0,0). Also, it is known (Amel’kin and other [1]) that O(0,0) is a center for system

(3) if and only if the system has an analytic integrating factor of the form

p(z,y) =14 300 (),
in the neighborhood of O(0,0), where u; are homogeneous polynomials of degree k.

In [42] Zotadek mentioned three general mechanisms for producing centers in poly-
nomial systems: searching for 1) a Darboux first integral or 2) a Darboux—Schwarz—
Christoffel first integral or by 3) generating centers by rational reversibility. He claimed
that these mechanisms are sufficient for producing all cases of real polynomial differential
systems with centers.

The problem of the center for polynomial differential systems is closely related to the
problem of local integrability of the systems in some neighborhood of a singular point with
purely imaginary eigenvalues. In the Thesis we are interested in the algebraic integrability

of the polynomial differential systems, called the Darboux integrability. It consists in
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constructing of a first integral or an integrating factor from the algebraic solutions of the
polynomial differential system.

Definition 1.1. An algebraic curve ®(z,y) = 0 in C* with ® € Clx,y| is an invariant
algebraic curve of a polynomial differential system (1) if the following identity

0o 0P

%P(l‘, y) + a—yQ(x,y) = q)(xa y)K(.’E,y) (5)

holds for some polynomial K(x,y) € Clx,y| called the cofactor of the invariant algebraic
curve ®(z,y) = 0.

We mention that for an algebraic curve ®(z,y) = 0 of system (1), of degree n > 2, we
have that deg Ko < n — 1.

Definition 1.2. We say that the invariant algebraic curve ®(x,y) = 0 is an algebraic
solution of (1) if and only if ®(z,y) is an irreducible polynomial in Clz,y].
If a real polynomial system has a complex invariant algebraic curve then it also has

as invariant the conjugate ones.

Theorem 1.2. For a real polynomial system (1), ® =0 is a complex invariant algebraic
curve with cofactor K if and only if ® = 0 is a complex invariant algebraic curve with
cofactor K. Here conjugation of polynomials denotes conjugation of the coefficients of the

polynomaials.

In the case of a polynomial differential system (3), with a singular point O(0,0) of a
center or a focus type, the forms of the invariant algebraic curves were determined in [13]:

— an invariant straight line can have one of the following forms
1+ Ax+By=0, A, BeC, (A B)#(0,0) (6)

orx—iy=0, x+iy=0, i = —1;
— an irreducible invariant conic curve can have the form
a0 + anxy + apey® + a1ox + apy + 1 =0,
where (a20,a11,a02) # 0, ag, a1, a2, a9, a1 € C;
— an irreducible invariant cubic curve can have one of the following forms
as0T> + a2’y + ar0xy? + agsy® + agx?® + anry + agy® + ar +apy +1=0
or

a3z’ + a1’y + a197y? + agsy® + 22 +y* =0, (7)

where (asg, as1, a1z, ap3) # 0, a;; € C.

The calculation of the invariant algebraic curves in the coefficients of a polynomial
system is a very hard and cumbersome problem. In some cases it is an unrealistic problem
because in general we don’t have any evidence about the number of algebraic curves and

about the degree of a curve (Giné [20]).
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Open problem 1. What is the mazimum number a(n) of algebraic invariant curves in
the set of all polynomial differential systems of degree n > 1 having finitely many invariant
algebraic curves ?

Open problem 2. Give a method to find an upper bound M to the degree of the algebraic
solutions for a fixed polynomial system of degree n > 2.

Over the years, more attention has been given to polynomial differential systems
that have invariant algebraic curves. To their study are dedicated a large number of
scientific papers. Invariant straight lines were used in studying: quadratic systems by
Bautin, Drujkova, Sibirschi, Popa, Schlomiuk, Vulpe; cubic systems by Ljubimova, Kooij,
Subéa, Cozma, Sadovskii, Lloyd, Romanovski, Rousseau, Schlomiuk, Putunticd, Ushkho,
Repesco, Bujac, Vacaras.

Invariant conics were used in investigating quadratic and cubic system by Cherkas,
Schlomiuk, Christopher, Llibre, Oliveira, Cozma, Giné, Vulpe, Sdez, Szdnto, Rezende;
invariant cubics were considered in studying quadratic and cubic system by Evdokimenko,
Cherkas, Zupanovi¢, Garcia, Cozma, Dascalescu.

In the Thesis, there were obtained the conditions on the coefficient of cubic differential
system (4), under which the system has two distinct invariant straight lines of the (6) and
one irreducible invariant cubic of the (7). We will consider a first integral (an integrating

factor) of the system (3) consisting of invariant algebraic curves.

Definition 1.5. Suppose the curves ®; =0, j = 1,...,q are invariant algebraic curves
of (3) from Clx,y|. A first integral (an integrating factor) of system (3) of the form

PUPS? .. B =C (= DD o), (8)

where o, j =1,...,q are complex numbers, not all zero, is called a Darboux first integral

(a Darboux integrating factor).

The method of integration of polynomial differential systems by using invariant
algebraic curves was elaborated by Darboux [16]. He proposed, for the first time, a
first integral (an integrating factor) of the differential systems having invariant algebraic
curves to be constructed in the form (8). If a differential system (3) has a first integral
(an integrating factor) of the Darboux form, with ®;(x,y) = 0 invariant algebraic curves,
then we say that the system is Darbouz integrable.

Open problem 3. What are the connections between the possible degrees and the numbers
of tnvariant algebraic curves of a polynomial system of degree n and the existence and the
type of its first integral?

A partial answer to this problem was given by Darboux
Theorem 1.7. Suppose system (1) has q distinct irreducible invariant algebraic curves
¢, =0,7=1,...,q. Ifq> %n(n + 1), then either we have a Darbouz first integral or a

Darboux integrating factor.
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Many mathematicians have successfully used the Darboux method of integrability in
solving the problem of the center for some classes of polynomial systems: Schlomiuk [35]
proved that the method of Darboux can be uniformly applied to prove centers in all cases
of the quadratic systems; Juba and Cozma [14,15] obtained the center conditions for cubic
systems with four invariant lines and with three invariant lines [13,46]; Cozma [10-13|
found the center conditions for cubic systems with two invariant straight lines and one
irreducible invariant conic; Hill, Lloyd and Pearson [23] determined the center conditions
for the Kukles system using algebraic solutions of degree one, two and three.

It is well known from Poincaré [29] that if a differential system with a singular point
0(0,0) of a center or a focus type is invariant by the reflection with respect, for example,
to the axis z = 0 and reversion of time then O(0,0) is a center (x = 0 is called the axis of
symmetry). Zol@dek generalized the notion of symmetry calling it reversibility and was

classified the reversible cubic systems with centers.

Definition 1.6. We say that system (3) is time-reversible if its phase portrait is invariant
under reflection with respect to a line and change in the direction of time (reversal of the

sense of every trajectory).

An algorithm for finding all time-reversible polynomial systems was proposed by
Romanovski [32] and the relation between time-reversibility and the center-focus problem
was studied by Teixeira and Jiazhong [39]. Some bilinear transformations, which trans-
form a given system to one which is symmetric in a line that allowed to obtain the center
conditions for some cubic systems were studied by Llyod and Pearson [27], Cozma [9].

Another method for solving the problem of the center is to use the Lyapunov function.
There exists a formal power series F(z,y) = Y F;(z,y) such that the rate of change of

F(z,y) along trajectories of (3) is a linear combination of the polynomials {(24y)’}32, :

dF 0 ;
ar = Zj:Q Lja(2® +y?).

Quantities L;, j = 1,00 are polynomials with respect to the coefficients of system (3)
called to be the Lyapunov quantities (Amel’kin, Lukashevich and Sadovskii [1], Suba [38]).
IfLy,=Ly=---=Ly_1=0and L, # 0, then a singular point O(0,0) is a fine focus
(weak focus) of order m. At most m small amplitude limit cycles can be bifurcated from
0(0,0) by perturbing the coefficients of (3).
Theorem 1.9. The origin O(0,0) is a center for (3) if and only if L; =0, j =1, 00.
Thus, the presence of a center can be established by solving an infinite system of poly-
nomial equations whose variables are parameters of the system of differential equations.
By Hilbert’s basis theorem, an infinite set of conditions is equivalent to a finite one, that
is there exists a natural number N such that the infinite system L, = 0, k = 1,00 is
equivalent with a finite system L, =0, k =1, N.

It is only necessary to find a finite number of Lyapunov quantities, though in any given
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case it is not known a priori how many are required. The vanishing of these Lyapunov
quantities yields an algebraic set called the center variety, in the parameter space which is
the space of coefficients of the vector fields. The number N is known for quadratic systems
N = 3 (Bautin [2]) and for cubic symmetric systems N = 5 (Sibirschi [36], Zoladek [43]).
For polynomial differential system (3) we have the following problem:

Open problem 4. For any degree n (n > 3) of the polynomial system (3), to find the
smallest natural number N = N(n) that vanishing the first N Lyapunov (focus) quantities

implies the existence of a center at O(0,0).

A solution to the Open Problem 4, which allows to solve the generalized problem of the
center (Ciobanu [8]), was given by Popa and Pricop. In [31] they obtained an estimation
for the maximal number of algebraically independent focus quantities used in solving of
the center-focus problem for a given polynomial differential system of degree n.

In [13] Cozma determined the number N for cubic differential system (4) assuming
that the system has invariant straight lines and irreducible invariant conics. Thus, N = 2
in the case of four invariant lines; N = 7 in the case of three invariant lines and N =4 in
the case of two invariant straight lines and one invariant conic.

Let the polynomial differential system (3) have M invariant algebraic curves ®x(z,y) =
0, k =1,...,M, where M < n(n + 1)/2. Under these conditions, taking into account
Open Problem 4, determine the smallest natural number N such that vanishing the first
N Lyapunov quantities implies the existence of a center at O(0,0).

For the first time this problem was examined by Subd and Cozma [13,15,38]. They
proposed a new approach to the problem of the center by simultaneously taking into
account the invariant algebraic curves, Lyapunov quantities and Darboux integrability.
Definition 1.7. We say that (®y, k = 1,M; N) is a center sequence for (3), if the
existence of M invariant algebraic curves ®(x,y) = 0 and the vanishing of the Lyapunov
quantities L,, v =1, N implies the origin O(0,0) to be a center for (3).

In [13] the problem of center sequences was solved for cubic differential systems (4)
with: four invariant lines; three invariant lines; two invariant straight lines and one in-
variant conic. As the problem of the center for the cubic differential system (4) is not

completely solved, in the Thesis we formulate the following two fundamental problems:

Problem 1. Determine for cubic differential systems the conditions for the existence of

two distinct invariant straight lines and one irreducible invariant cubic.

Problem 2. Find all center sequences for cubic differential systems with two invariant

straight lines and one irreducible invariant cubic.

Problems 1 and 2 are solved in Chapters 2, 3 and 4.
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In Chapter 2, Cubic systems with two parallel invariant straight lines and
one invariant cubic, the problem of the center is solved for cubic systems with two
parallel invariant straight lines and one irreducible invariant cubic (|61], [56], [47]).

Let us consider the cubic differential system (4) written in the form

&=y +ax® + cry + fy? + kxd + may + pry® + ryd = P(x,y), 9)
v = —(x + gx* + dovy + by* + sz® + qrPy + nxy® + 1) = Q(x,y),
where P(x,y) and Q(x,y) are real and coprime polynomials in the variables z and y. The
origin O(0,0) is a singular point for (9) of a center or a focus type, i.e. a fine focus.

Suppose the cubic system (9) has two parallel invariant straight lines [; and Iy of the
form (6) that are real or complex conjugated (I, = I;). Then by a rotation of axes of
coordinates we can make them parallel to the axis of ordinates (Oy) and the linear part

of (9) preserves the form.
Lemma 2.1. The cubic system (9) has two invariant straight lines parallel to the axis Oy
lio=2+ (cE£VE —4m)z =0, (10)
if and only if the following coefficient conditions are satisfied
a=f=k=p=r=0, m(c*—4m) #0. (11)
The cofactors of the invariant straight lines are K o(x,y) = y(2max + ¢ & v/c2 — 4m) /2.

For the class of cubic systems (9) with two parallel invariant straight lines the necessary

and sufficient conditions for the existence of an irreducible invariant cubic
O(z,y) = 2> +y* + azor® + an vy + anvy® + agsy’® = 0, (12)
where (asg, o1, @12, ap3) # 0 and asg, as1, ai2, aps € R, have been obtained in Theorem 2.1.

These conditions are grouped into 9 sets and for each set the problem of the center is

solved. The results concerning this problem are included in the following two theorems:

Theorem 2.2. Suppose cubic system (9) has two parallel invariant straight lines and one
irreducible invariant cubic. Then a singular point O(0,0) is a center if and only if the

first two Lyapunov quantities vanish.

Theorem 2.3. The origin is a center for cubic system (9), with two parallel invariant
straight lines (10) and one irreducible invariant cubic (12), if and only if one of the
following sets of conditions (1)—(vii) holds:
()a=f=k=p=r=d=1=q=0,s=(—2b*—5bc + 2bg — 3¢ + 3cg + n)/3,
m = (—2n)/3;
i)a=f=k=p=r=1=0,g=[b0*—d*)]/(2d*), m = 3(b* + d*), c = —3b,
n=(=2m)/3, ¢ = (bm)/(6d), s = (=b*m)/(6d°);
(i) a=f=k=p=r=20,1=1[05b+4g9 —c)d]/9, m = 2(b+ g)(c — 2b — 2g),
qg=1[(c—g—2b)d]/3, n=1[(2b+ 49 — c)(bb+4g —¢)]/3, s=[(2b+ g — ¢)(c — 2b —
49)1/9, d* = (2b+ 4g — ¢)(4b + 2g + ¢);
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a=f=k=p=r=10=0,g=b+c¢c, n=>bb+g), m=—-2b(b+g), s=—-b(b+yg),
q=d(b+g), 16b* — 3d* = 0;

=f=k=p=r=0, c=2b+2g, | =[(b+0c)d]/9, ¢ = (dg)/3, s = (2¢*)/9,
(12bg + 8¢° — d?)/9, n = [2(d® — 3bg — 2¢%)]/9;

(Vi) a=f=k=p=r=d=101=q=0,m = [(3cut+2bu+3v)(cu—2bu—3v)]/(16u?), g =
b+c—u, n = [—8mu®—3v(2bu+3cu+3v)]/(8u?), s = [(8u*—9cu—6bu—9v)v]/(8u?).

The following example shows that the vanishing of the first two Lyapunov quantities is
essential for the existence of a center. The cubic system
& = y(25c2x? + 108cz + 108) /108, ¢ # 0,
y = —(1296x + 1242cx? + 936czy — 702cy? + 297203+
+417¢% 2%y — 2212 xy* — 9c¢%y3) /1296
has two parallel invariant straight lines 18 + ¢(941/6 )2 = 0 and one irreducible invariant
cubic 54(x? + y?) + ¢(3x + y)® = 0. The origin is a singular point such that L; = 0 and
Ly = (—5¢*)/648 # 0. Therefore, the singular point O(0,0) is a focus.
The methods of Darboux integrability and reversibility have played an important role

in solving the problem of the center as it is confirmed by the following theorem.

Theorem 2.4. The cubic system (9) with a center having two parallel invariant straight

lines and one irreducible invariant cubic (12) is either Darboux integrable or reversible.

In Chapter 3, Cubic systems with a bundle of two invariant straight lines
and one invariant cubic, the problem of the center is solved for cubic differential
systems (4) with a bundle of two invariant straight lines and one irreducible invariant
cubic ([60], [50], [51], [59], [49], [53], [52], [55]).

Let the cubic system (9) have two invariant straight lines [; and [y, real or complex
conjugated (I = I;), intersecting at a real singular point (xg, ). By rotating the system
of coordinates (x — zcosp — ysing, y — xsing + ycosp) and rescaling the axes of
coordinates (r — ax,y — ay), we obtain that [y Nly = (0,1). In this case the invariant

straight lines can be written as
L=1l4ar—-y=0,0a,€C, j=1,2; a—a; #0. (13)
Lemma 2.2. The cubic system (9) has two distinct invariant straight lines of the form
(13) if and only if the following conditions are realized:
k=(a—1)(a;+az)+g, l=-b s=(1-a)aas,
m = —a} — ajag — a3 + c(a1 + az) —a+d+ 2,
n=aay(—f—2)—(d+1), p=(f+2)(a; +a)+b—c,
q=(a1+az—clajay—g, r=—f—1, (a=1+(f +2)* #0.
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The cofactors of the invariant straight lines (13) look as
Kj(z,y) = v+ ajy + ((a — Daj + 9)2* + ((c — a;)a; + d + D)zy + ((f + L)a; + b)y>.
In Theorems 3.1 and 3.2, for the class of cubic systems (9) with two invariant straight

lines (13), there were determined the necessary and sufficient conditions for the existence

of an irreducible invariant cubic (12) passing through a singular point (0, 1)

(z,y) = 2° + y* + azor® + anz’y + apzy® —y* =0 (15)

and forming a bundle with the invariant straight lines (13).

These conditions are grouped into 49 sets and for each set the problem of the center is
solved. The results concerning this problem are included in the following two theorems:
Theorem 3.3. Suppose that [ # —2 and let the cubic system (9) have a bundle of two
invariant straight lines (13) and one irreducible invariant cubic (15). Then a singular
point O(0,0) is a center if and only if one of the following 16 sets of conditions holds:

i)a=1,b=1l=s=0,d=f—-1, k=g=(cay —4)/ar, m = (4dca; + 3f — 13)/3,
n=2r p=(8—ca+4f)/ay, ¢ =—-2g, r=—(f +1), a? = 3;

ii)a=1d= -2 f=-1, k=g | =-b m= (3¢ — 4b*> — 4bc — 16)/16,
n=-m,p=>b qgq=—g, r=s5=0;

(i) d = 20— 3, f=(=3)/2, g=2(1—a)b+c), k= (1—a)(2b+c), | = —b,
m = (9a — 4b* — 2bc +2¢* — 9)/9, n = (18 — 18a + 2b* + bc — *)/9, p = (2b— ¢) /2,
q=2(a—-1)b+¢c), r=1/2, s=2(a—1)(2b—¢)(b+ ¢)/9;

(iv) b = (—=1)/5, a = —3b, ¢ = 18h, d = 14b, f = 11b, g = —2b, k = q = 2b,
[=—b, m=n=-9), p=21b, r = —6b, s =0;

(v) b =1/5, a =3b, ¢ = —18b, d = —14b, f = —11b, g = =2b, k = q = 2b,
[=—-b, m=n=9b, p=21b, r =6b, s = 0;

(vi) b =(=1)/5, d=6b, f =9b, p=10, r = —4b, | = n = —b, ¢ = 1/10, a = 9c,
g=—c¢, m= -3¢, q=c, k=(-3)/20, s =0;

(vii) b = 1/5, d = —6b, f = —=9b, | = —=b, n = p = b, r = 4b, ¢ = (—1)/10,
a=-9, g=—-c, m=3c, q=c, k=3/20, s =0;

(viii) a = (-2f —1)/2, ¢ = —day, d= —2r, g = (nay)/2, k =29, n=—-2f —3, | = —b,
m=n(2a?—-3)/2, p=—-4g, q=—g,r=—f—1,5=0, a; = b/(f +2);

(ix) a=(1—=5f—=2f3)/2f+7), c=(1-2f)ay, d=2a+4f+3,g=c—(a+3)ag, k=
Ala=1)as+g, 1 =—=b,m = [(11f+21)(2f+3)]/(2f+7), n = [(2f+3)(f =4/ (2f+T),
p=(Tf+9as, q=12a3—3ca3—g, r=—f—1,s=3(1—a)a3, (2f +7)0*+ (2f +
3)(f+2)2=0, ay=b/(f +2);

(x) a =3/2, b= (7¢)/6, d = =3, f =(=3)/2, g = (—11¢)/6, k = —3p, | = —D,
m=(—41)/6, n=9/2, p=c/2, q=Tp, 7 =1/2, s=5/2, ¢ — 3 =0
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(xi)

(xii)

(xiii)

(xiv)

(xv)

(xvi)

a = [2—u?(a3 + 2aou — 3)]/[2(w* + 1)], f = (—a2 — 2au — 4u* — 3)/[2(u? + 1)],
g = (3aia3 —3a; —6a3+2b+2c)/2, d = (3+2f —2a—6ayas +9a3) /2, 2u(c+11b—
du) +u((2b+¢)*—9)+ 180 =0, k= (a—1)(a; +az) + g, L = =b, s = (1 — a)ajas,
m=—a}—ajag—a3+cla;+az)—a+d+2,r=—f—1, n=aras(—f —2)— (d+1),
p=(f+2)(a1+ay)+b—c qg= (20 —u)aras — g, az = (c —2u + 2b)/3, a; =
(4b + 2¢ —u)/3;

a =5/6, c =6g, d= -3, f=(-13)/6, g = —=bb, k = g¢g/3, m = 19/54,
= —b, n=37/18, p = (103b)/3, ¢ = (25b)/3, r = T/6, s = 1/18, 108b> — 1 = 0;
a=2/(5u?), b= (8—5u?)/(20u), ¢ = (169u?—76)/(10u?), d = (44—105u?)/(20u?),
f = (4—45u?)/(20u?), g = (u® —4)/(2u®), k = (20 — 49u?)/(10u?), | = —b,
m = (1215u? — 508)/(25u?), n = (45u® — 24)/(10u?), p = 23(4 — 9u?)/(10u?),
q=308—-19u*)/(5u®), r = —f — 1, s = (5u* — 2)/(5u?), Su* — 40u? 4+ 16 = 0;

a = 7(11u?® — 1)/(40u*), b = (7 — 85u?)/(200u°), ¢ = (185u* — 19)/(100u),
d = (5 —47u?)/(20u?), f = (1 — 75u?)/(40u?), g = (1 — 3u?)/(40u®), k = (9 —
35u?)/(200u°), | = —b, m = (23 — 229u?)/(200u®), n = (105u* — 11)/(200u®), p =
(37 —375u?)/(200u®), q = (65u* —11)/(200u°), r = —f — 1, s = (5u*+1)/(200u’),
Sut — 10u? + 1 = 0;

a= (hay)/(h*—1), b= (hay)/(h—1)? ¢ = [h(14h—11h*—11)a1]/[(h*+1)(h—1)?],
f=(h—2h*—=2)/(h* + 1), d = [12(39h* — 49h* + 28h + T)]/[(h* + 1)(R* — 1)?],
g = [24h(27h* — 35h% + 20h + 5)]/[(R* + 1)(1 — A*)?], k = (a — 1)(a; + a2) + ¢,
l=-b, s=(1—a)aray, m=—a?—ajas—a3+cla;+as) —a+d+2,r=—f—1,
n=aa(—f—2)—(d+1), p=(f+2)(a1 +az) +b—c, ¢ = (a1 +az — c)ajas — g,
az = (—hay)/(h— 1) a1 = 2(h?* — h+1)/(1 — h?), h* + 4h3 — 6h* + 4h + 1 = 0;
a=2, c=[b(h—2)(1—-2n)]/(h*+1), f=(h—2R*=2)/(h*+1), b= (hay)/(h —
1)?, d = (—6h%)/[(h*+1)(h*—1)?], g = [6h(10R* +3h*+6h—3)]/[(R*+1)(h* —1)?],
k= (a—1)(ai+az)+g,l = —b, s = (1—a)ajas, m = —a?—aiay—a3+cla;+ay)—a+
d4+2,n = ajas(—f=2)—(d+1),r = —f—1, p= (f+2)(a1+a2)+b—c, ¢ = (a1+azs—
c)ayas — g, ay = (—hay)/(h—1)% a; = 2(h*—h+1)/(1—=h?), h*—2h3—2h+1 = 0.

Theorem 3.6. Suppose that f = —2 and let the cubic system (9) have a bundle of two

invariant straight lines (13) and one irreducible invariant cubic (15). Then a singular

point O(0,0) is a center if and only if one of the following 8 sets of conditions is realized:

(i)

a = (12u* — u* — 3)/(8u?), b = (4u* —u* — 3)/(8u), ¢ = (u* + 16u* — 17)/(8u),
d= (u?—4u*—-3)/(4u?), f = -2, g = (3u —bu*+5u®—3)/(16u?), k = (6u® —u®+
24ut — 38u® +9)/(64u?), | = —b, m = (5u® + Tu* — 65u* +29)/(32u?), n = —d — 1,
p=b—c, r=1,q=(T2u" — 3ud — 22u5 — 74>+ 27) /(64u?), s = (u'® + u® — 26u’ +
54ut — 39u? +9)/(128u?);
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(ii)) ¢ = [26(Ta — 6)]/(3a —2), d =2(a— 1), f = -2, g =0(1—a), k=>bla—1),
l=-b, m=(4—-5a)/2, n=1—2a, p=b—c, q=[b(7a*> —9a + 2)]/(3a — 2),
r=1, s=(a?>—a)/2, (3a—2)*+16(a — 1)b* = 0;

(iii) a = (8b—bu®—2u)/(8b—2u), d = (24b* —bu(u*+18) +3u?) /(4bu—u?), c = [40*(u*+
8) —bu(Tu? +16) +u?(u? +2)]/[u?(u—4b)], f = =2,1 = —b, g = [(8b+u? —2u)(8b—
u? —2u)(3u?+4)]/[32u*(u—4b)], r =1,k = (a—1)(a1 +az)+g, s = (1—a)ajaz, q =
(a1+as—c)aras—g, m = —a? —ajas—as+c(a;+as) —a+d+2, n = —d—1, p = b—c,
a; = (3u® — 4bu? — 16b + 4u) /(4u?), ag = (u? — 64b* + 32bu — 4u?)/[4u?(4b — u)];

(iv) a = (108 —u?)/72, b = (u®—36u)/432, f = —2, ¢ = (2592 —u* —252u?)/(432u), d =
(=b5u? —36)/72, n = —d — 1, g = (432 — u* + 24u?)/(288u), k = (u® — 3888u? +
93312)/(31104u), m = [(u* + 81u® — 324)(u® — 36)]/(1296u?), ¢ = [(u* + 168u?® —
432)(u? —36)]/(20736u), s = [(u®+108)(u?—36)%]/373248, [ = —b, p = b—c, r = 1;

(v) a = (3—2amay —a3)/2, b=1=0, ¢ =2a; +3ay, d=2a—5, f=-2g=
a1(3a2 +1)/2, k = (as — 2a%ay + 2a; — a3)/2, m = (243 + 6a1ay + 3a2 — 3)/2,
n=-d—1,p=b—c, ¢=a(—2a1ay — 7a3—1)/2, r =1, s = (1 — a)ajas;

(vi) a = a1(h — 2a1), b = (a1h —a? —1)/h, ¢ = 2(a? + 2ha; — h* + 1)/h, d = 2a — 2,
f==2, g=(6a3h —3a?h* + 2a? + 4a,h — h? +2)/(2h), k = (2a3h — 8a} + 5a2h? —
10af —2a1h* +4a1h+h*—2)/(2h),r = 1, m = (6a? +a*h —4a1h* +6a; + h* — 2h) / h,
n=-d—1, p=b—c, q=(9a2h*—8a] —6a3h—10a% —2a,h*+h*—2)/(2h), | = —b,
aiz = 3a; — h, s =[ay(4a] — 3a2h? + 6a3 + ayh® — a;h — h* + 2)|/h;

(vil) a = [a2(2a3 —2b —¢)]/2, d =2(a— 1), f = -2, g = [6az(l —a) —2b+]/4, k =
(2ay — 2aay — 4ab + 2ac +2b —c)/4, | = =b, m = (> —4b*)/4, n =1 —2a, p =
b—c, g=[6(a—1)ag —4ab+2ac+2b—c|]/4, r =1, s = [az(2ab — ac — 2b+ ¢)|/2;

(viil) a = [a1(a2+1)]/(a1 —a2), b= (a? —2ajas —1)/[2(a; —a2)|, f = -2, c= (a? —2a3 —
1)/(ay—az), d = [2as(aras+1)]/(ay—az), | = —b, g = [as(3a3as+2a; +as)]/[2(as —
a1)], k = (a=1)(a1+az)+g, s = (1-a)aras, m = —ai—ayas—az+c(a;+az)—a+d+2,
r=1,n=—-d-1,p=b—c, q= (a1 +ay —c)ajas — g.

Theorem 3.7. The origin is a center for cubic system (9), with a bundle of two invariant

straight lines and one irreducible invariant cubic, if and only if the first three Lyapunov

quantities at this point vanish.
The following example shows that the vanishing of the first three Lyapunov quantities
is essential for the existence of a center. The cubic system
& = (81y + 3622 — 81y + 18622y — v/3(1352y + 42 — 18zxy?)/81,
y = (=27x + 392y — 52° — 3y + V3(182% + 9y — 9y® — 23xy?)) /27

has a bundle of two invariant straight lines 1 — 3z —y =0, 1 — ‘/Tgx —y = 0 and one

invariant cubic 9(z% + y? — y®) + v/3z (22 4+ 9y?) = 0. The origin is such that L; = Ly = 0

and L3 = (—5447680)/3 # 0. Therefore, the singular point O(0,0) is a focus.
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The methods of Darboux integrability was applied in solving the problem of the center
as it is confirmed by the following theorem.
Theorem 3.8. The cubic system (9) with a center having a bundle of two invariant

straight lines and one irreducible invariant cubic (12) is Darbouz integrable.

In Chapter 4, Cubic systems with two invariant straight lines and one invari-
ant cubic in generic position, the problem of the center is solved for cubic differential
systems (9) with two invariant straight lines and one irreducible invariant cubic in generic
position ([56], [57], [58], [54], [47], [48])-

Let the cubic system (9) have two invariant straight lines [; and [y, real or complex
conjugated (I = [), intersecting at a singular point (x, ). Without loss of generality

we can assume that the lines pass through a point (0, 1), i.e. they have the form (13)
h=1l4arz—y=0,ls=14ax—y=0,a1,a2 € C, ay —a; # 0.

In this case a; and ay verifies the following systems of equations:
s=a(g—k+a(a—1), n=(f+2)at+(b—c—plag—d—1, (16)
l=-br=—f-1,qg=—-al+ca?+(2—a+d—m)a — g,

Fy=(a—1)(a1 +a)+g—k=0,
Fs=(f+2)(a1+ag) +b—c—p=0, (17)
Fy=a}+aias+a3—cla; +az) +a—d+m—2=0.

Taking into account the relations (16) and (17), for cubic system (9) there were ob-
tained the necessary and sufficient conditions for the existence of an irreducible invariant
cubic ®(z,y) = 22+ y? + azor® + a1 2%y + apxy® + agzy® = 0, where (azg, as1, a2, ap3) # 0,
aps # —1 and a;; € R.

For cubic system (9) there were obtained 93 sets of necessary and sufficient conditions
for the existence of two invariant straight lines and one irreducible invariant cubic in
generic position (Theorems 4.1—-4.4). For each set of conditions the problem of the center
is solved. The results concerning this problem are contained in the following two theorems:
Theorem 4.5. Suppose cubic system (9) has two invariant straight lines and one irre-
ducible invariant cubic in generic position. Then a singular point O(0,0) is a center if
and only if the first three Lyapunov quantities vanish.

Theorem 4.6. The origin is a center for cubic system (9), with two invariant straight
lines (13) and one irreducible invariant cubic (12) in generic position, if and only if one
of the sets of conditions (1)—(xi) holds:
(i) a=k=r=0,d=f=-1, g=(3c—0b)/3, l = —=b, m = [2(—=bc—2)]/3, n = bc+2,
p=(2b)/3, q=0b, s=—bc—2, b* = 3;
i) a=b+1 c=r=0 d=20"~-1), f=-1, g=0b30*+1), k =b*+1),
l=—b m=—b* n=—4b* p=—b, ¢ =0b(—Tb* —3), s = b*(—2b* — 1);
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(iii) @ = [(3v — Dv]/(3v® + 1), b = V3(1 — v¥)/[(3v® + 1)(3v + 1)], d = (—150% —
302 —13v — 1)/[(3v?* + 1)(Bv +1)], f = (=602 +v—1)/(3v2 + 1), g = [3302 — 1 +
V3302 + 1)(3v + 1)) /[V3(Bv2 + 1)(3v + 1)], k = (a — 1)(ay + az) + g, | = —b,
m = 2—a} —ajay — a3+ cla; +az) —a+d, n=aa(—f—2)—(d+1), p =
(f+2)(a1 +az)+b—c, q=alas+aja3 — cajas — g, 7 = —(f + 1), s = a1as(1 — a),
a; = [3v24+6v—1+3(c—ay)(3v2+1)]/[V3(3v?2+1)], 3(3v>+1)(3v+1)?(a% — cay) +
6(1502 +1)(v — 1) — v/3(3v + 1)((3v + 6v — 1)(3v + 1)ag — 3¢(3v> + 1) (v — 1)) = 0;

(iv) @ = [(Bv + 1)v]/(3v? + 1), b = V3(1 —v?)/[(3v* + 1)(3v — 1)], d = (—150° +
302 —13v+1)/[(3v* + 1)(Bv = 1)], f = (=60 —v—1)/(3v* + 1), g = [33v* — 1 +
V3302 + 1D (3v — 1)/[V3Bv2 + D(Bv = 1)], k = (a — D(ay + az) + g, | = —b,
m=2—a?—ajay — a3 +cla; +ay) —a+d, n=aa(—f—2)—(d+1), p =
(f+2)(a1+a2)+b—c, q=atag+ara3 —cajas — g, v = —(f + 1), s = a1az(1 — a),
ay = [=3v2 + 60+ 1) +V3(c — a3) (30> + 1)]/[V3(30v2 + 1)], 3(3v% 4 1)(3v — 1)?(a3 —
cay) —6(150% + 1) (v+1)++v/3(3v—1)((3v* —6v—1)(3v—1)ay—3c(3v>+1) (v+1)) = 0;

(v) a= (2f +3t2+1)/(2t?),d=2a — 5,1 = —b, g = [(2ct —4f + D)2+ 2f +1]/(2t3),
ko= [(2f + 1+ 3t2)(ct — 2f)]/(2t3), m = (=3t% + dtcf — 8f2 — 2f — 1)/(2t?),
n=[te(f +2) — 2f(f +3)+ £ — 1)/, p= lte(f + 1) + 2f(—f —2)]/t, ¢ = [(4]
2te—1)t24+2tc(2f +1)=8f2—6f—1]/2t3, r = —f—1, 5 = [(2f +t2+1)(ct—2[)]/(2t*),
t=(f+2)/b;

(vi) a = (=10fh? + 72fh — 5h* + 36h + 108t%)/(72t%), b = (f +2)(9 — h)/(3t), ¢ =
(—4fh + 36f + 5h — 36)/(6t), d = (—10fh> + 72fh — 5h2 + 36h — 72(2)/(3612),
g = (—2fh*—h?+36t%)(4h—27)/(216¢3), k = [—(86 fh3 — 1152 fh*+ 3888 fh+43h> —
576h? — 540ht>+1944h+3888¢2)] /(432t%), | = —b, m = [— (66 fh? — 1008 f+ 3888 f +
49h2 — 612h + 10812 + 1944)]/(722), n = (6fh> — 42fh + Th? — 48h + 12t2) /(12¢2),
p=(9fh—T72f+5h—36)/(6t), ¢ = [—(2fh®—24fh+h?—12h+12t*)(4h—27)]/(T2t),
r=—f—1, 5=|—(10fh% — T2fh + 5h? — 36h — 36t2)(4h — 27)h]/(1296t*);

(vii) @ = 32 + 1, b= 1 = 0, d = 2(9¢ = 2)/3, f = (=5)/3, g = (9 + 1), k = g,
m=(—-2)/3,n=(4—45¢*)/9, p=—c, ¢ =2c¢(—9* — 1)/3, r =2/3, s = cg;

(viit) @ = [(3f +5)*(f +2) +b*(3f +4)*]/[(3f +5)*(f +2)], ¢ = [b(6f> +11f +2)]/[(3f +
5)(f +2)], d=[20°(3f +4)* = (f +2)(5f + 7)(3f +5)*]/[(f +2)(3f +4)(3f +5)?],
g ="bBV*(3f +4)> = (2f +3)(3f +5)*/[(f +2)(3f +5)%], k = =b[b*(3f +4)° + (f +
2)(2f +3)Bf +5)Y/[(f +2)2Bf +5)3, 1 = —=b, m = —[V*(3f + 4)%(9f% + 22f +
12) +3(f + 1) (f +2)*(2f +3)Bf +5)/[(f +2)*(3f +4)*(3f +5)], n = —[*(3f +
42272 +80f +60) —2(f +1)(f +2)(2f +3)(3f +5)%]/[(f +2)(3f +4)*(3f +5)?],
p = —[b9f* +22f + 12)]/[(3f + 5)(f + 2)], ¢ = —b[b*(3f + 4)*(27f* + 85f +
66) — (f + 1)(f +2)2f +3)Bf +5)/[Bf +5)°Bf +)(f +2)%, r = —f — 1,
s = =D +4)*(9f + 14) + (f +2)(2f +3)(3f +5)*/[(f +2)*(3f + 5);
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(ix) @ = (403 —bc® +4b+4c)/(4b+4c), d = [b(2b+c)*(2b—¢) —8b(b+c)] /[2(2b+¢) (b+¢)],
f=[3c%—=(20—¢)?]/(4b* — *), g = [(3V*(2b+ ¢)* + 4(b+ ¢)?)(2b — ¢)?] /[16(b + ¢)?],
k=1(20—¢)?(b(20+ ¢)?(b—2¢) + 4(b+¢)?)]/[16(b + ¢)?], | = —b, m = (* — 4b*) /4,
n = [—(4b + ¢)((2b 4 ¢)2(2b — )b + 2¢(b + ¢))]/[2(2b + ¢)*(b+ ¢)], p = —b — c,
s =[=b(2b—c)*((2b+¢)*(2b—c)b+4(b+¢)?)]/[16(b+ )3, r = —f —1, ¢ = [((14b* +
The + 2¢%)(2b+ ¢)2(2b — )b+ 4(12b* 4 4be + ) (b + ¢)?) (¢ — 2b)] /[16(2b + ¢) (b + ¢)*];

(x) a=(9f+p*+18)/[9(f+2)], b= [p(—=f=3)]/(3f), c = [p(3=2[)]/(3f), d = (=63 f*+
2fp?—207f~162)/19f(f+2)], g = [p(54f3— f*p>+297 f2+540f +324)]/[27f (f +2)7],
k= [p(p?(f? + 10f + 12) + 27(2f + 3)(f + 2)]/[27f(f +2)*)], | = —b, m =
—(18f3 4 f2p? +- 812+ 3fp> + 117f +54) /[3f%(f +2)], n = (36f% — f2p? + 162f% +
2341 +108)/[3f%(f +2)], ¢ = [=p(f + 1)(27(2f +3)(f +2)* = [*p*)]/[9*(f +2)°],
r=—f—1,s=[P702f +3)(f +2)> = f*p*)|/[8LF*(f +2)°];

(xi)a=1,¢c=—-2b, f =—1,g=—b, k= —b, 1 =—b m= (160> — 3d> + 4d + 4)/16,
n=-m,p=>b,q=br=s=0.

The method of Darboux integrability had an important role in solving the problem of the

center as it is confirmed by the following theorem.

Theorem 4.7. The cubic system (9) with a center having two invariant straight lines

and one irreducible invariant cubic (12) in generic position is Darboux integrable.

GENERAL CONCLUSIONS AND RECOMMENDATIONS

In the Thesis, the problem of distinguishing between a center and a focus, called
the problem of the center is studied for cubic differential systems. This problem is an
important step in solving of the local 16th Hilbert problem which deals with the estimation
of the number of limit cycles that can be produced by bifurcations.

The problem of the center for polynomial differential systems is closely related to the
problem of local integrability of the systems in some neighborhood of a singular point
with purely imaginary eigenvalues. For these reasons, we are interested in the algebraic
integrability of the polynomial systems, called the Darboux integrability. It consists in
constructing of a first integral or an integrating factor from the algebraic solutions of
the polynomial differential system. Darboux proved that this is possible to realize for
polynomial systems of degree n, if we have n(n + 1)/2 invariant algebraic curves.

The application of the method of Darboux to prove centers in all cases of the quadratic
systems was firstly proved by Schlomiuk [35] and for the cubic systems with two invariant
straight lines and one invariant conic was shown by Cozma [13]. A natural question is:
how to solve the problem of the center for polynomial differential systems having a fewer
number of invariant algebraic curves than n(n + 1)/2, in particular, for cubic differential

systems with two invariant straight lines and one invariant cubic?
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In the Thesis, the relations between invariant algebraic curves, focus quantities and

local integrability are studied, which lead to the following fundamental problems:

Problem 1. Determine for cubic differential systems the conditions for the existence of

two distinct invariant straight lines and one irreducible invariant cubic.

Problem 2. Find all center sequences for cubic differential systems with two invariant

straight lines and one irreducible invariant cubic.

The problems formulated have been completely solved. Research carried out in the
Thesis is based on the methods of qualitative theory of dynamical systems, the methods of
algebraic computations, the methods of parametrization of the algebraic invariant curves,
the methods of local integrability. The problem of the center is studied by using two main
mechanisms that are developed in the Thesis: Darboux integrability and reversibility.

For the first time, there were obtained the cubic differential systems with a singular
point of a center or a focus type having two invariant straight lines and one irreducible
invariant cubic. For these classes of cubic systems: the necessary and sufficient conditions
for the existence of a center were obtained; the cyclicity of a fine focus was established;
the center sequences with two invariant straight lines and one invariant cubic were found.

These results play an important role in the qualitative study of cubic differential

systems and allow us to make the following general conclusions:

— the cubic systems with two invariant straight lines and one invariant cubic can have
at most three small amplitude limit cycles bifurcated from a singular point of a center
or a focus type, which is an important result in the study of the problem of cyclicity
(Cap. 2, 2.2; Cap. 3, 3.4; Cap. 4, 4.7);

— the cubic systems with a center having two invariant straight lines and one irreducible
invariant cubic are Darboux integrable in all cases when the algebraic solutions form a
bundle of curves or they are in generic position (Cap. 3,3.2,3.4; Cap.4,4.7);

— the cubic systems with a center having two parallel invariant straight lines and one
irreducible invariant cubic are Darboux integrable or reversible (Cap. 2, 2.3);

— the cyclicity of a singular point of a center or a focus type, in cubic differential
systems, depends on the relative position of the invariant algebraic curves (Cap. 3, 3.1,
3.3; Cap. 4, 4.1 —4.4.).

The main scientific problem solved consists in establishing of some efficient relations
between invariant algebraic curves, focus quantities and local integrability, which con-
tributed to the development of the Darboux integrability method. This made possible to
obtain new sets of necessary and sufficient center conditions for cubic differential systems

with two invariant straight lines and one invariant cubic.

The results obtained for cubic differential systems concerting the problem of the center

represent an important step in solving the 16th Hilbert problem about limit cycles.
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Based on the conclusions presented above we can recommend the following:

— to study the problem of the center for cubic differential systems having algebraic

solutions with the sum of degrees equal to a number given a priori;

— to use the algebraic invariants in studying the problem of the center for cubic differ-

ential systems with invariant algebraic curves;

— to apply the obtained results in qualitative investigation of cubic differential systems,

in studying of some mathematical models which describe social and natural processes;

— to include the obtained results in the programs of the optional university courses for

students and master students.
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ADNOTARE

Dascalescu Anatoli, "Integrabilitatea sistemelor diferentiale cubice cu drepte

si cubice invariante". Teza de doctor in stiinte matematice. Chiginau, 2019

Structura tezei: teza consta din introducere, patru capitole, concluzii generale si re-
comandari, bibliografie din 150 titluri, 135 pagini de text de baza. Rezultatele obtinute
sunt publicate in 15 lucrari stiintifice.

Cuvinte-cheie: sistem diferential cubic, curba algebrica invarianta, problema centrului,
integrabilitatea Darboux, consecutivitate centrica, problema ciclicitatii.

Domeniul de studiu: teoria calitativa a sistemelor dinamice, integrabilitatea sistemelor
diferentiale polinomiale.

Scopul lucrarii: determinarea conditiilor de existenta a centrului pentru sistemul diferen-
tial cubic cu doua drepte invariante distincte si o cubica invarianta ireductibila.
Obiectivele cercetarii: determinarea conditiilor de existenta a doua drepte invariante si
a unei cubice invariante ireductibile pentru sistemul cubic cu punct singular de tip centru
sau focar; studierea integrabilitatii sistemelor; rezolvarea problemei centrului si problemei
ciclicitatii in prezenta a doua drepte invariante si o cubica invarianta ireductibila.
Noutatea si originalitatea stiintifica: a fost rezolvata problema centrului pentru
sistemul diferential cubic cu doua drepte invariante si o cubica invarianta ireductibila; a
fost stabilita ciclicitatea punctului singular de tip centru sau focar; au fost determinate
consecutivitatile centrice. A fost demonstrat ca orice sistem cubic ce are punct singular
de tip centru, doua drepte invariante si o cubica invarianta ireductibila, este Darboux
integrabil sau reversibil.

Problema stiintifica importanta solutionata consta in stabilirea unor relatii eficiente
dintre existenta curbelor algebrice invariante, marimile focale si integrabilitatea locala,
ceea ce a contribuit la dezvoltarea metodei de integrabilitate Darboux, fapt ce a permis
determinarea unor noi seturi de conditii necesare gi suficiente de existenta a centrului
pentru sistemele diferentiale cubice cu doua drepte invariante gi o cubica invarianta.
Semnificatia teoretica a lucrarii: a fost dezvoltata metoda de investigare a proble-
mei centrului care se bazeaza pe relatiile dintre existenta curbelor algebrice invariante,
marimile focale gi integrabilitatea Darboux.

Valoarea aplicativa a lucrarii: pentru sistemele diferentiale cubice au fost obtinute
rezultate noi ce tin de problema centrului si ciclicitatii, care reprezinta o etapa importanta

in rezolvarea problemei a 16-a a lui Hilbert despre ciclurile limita.

Implementarea rezultatelor stiintifice: rezultatele obtinute in teza pot fi aplicate
in investigatiile problemei integrabilitatii si a problemei ciclurilor limita pentru sistemele
diferentiale polinomiale; pot servi drept suport pentru tezele de master si unele cursuri
optionale universitare tinute studentilor si masteranzilor; pot fi folosite in studiul unor

modele matematice ce descriu procese sociale si naturale.
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AHHOTAIINA

Hackasecky Anarosuii, "HTerpupoBanne KyoundeckuxX auddepeHInaabHbIX CUCTEM
C aJiIredOpamvecKuMU MHBAPUAHTHBIMHU KPUBBIMH IIEPBOTO U TPEThEro mopsaka'.
luccepramnust Ha coMCKaHue yYEHOII CcTeneHn

JOKTOpa MareMarmyieckKnx Hayk. Kummmnsy, 2019

CrpyKTypa paboThl: BBeIeHIE, YeThIpe IJIaBbl, BLIBOABI M PEKOMEHIAINN, Oubanorpadus us3
150 mammenoBanwmii, 135 cTpanuI] OCHOBHOrO TekcTa. [lomydeHHble pe3ysibTaThl OBLIN OIYOJINKO-
BaHbI B 15 Hay4HBIX paboTax.

KuroueBblie ciioBa: kybudeckast nuddepeHnuaibuas CucTemMa, ajredpandeckast HHBAPUAHTHAST
KpuBasi, MpodJjieMa MeHTpa, HHTerpupyeMocThb B cMbicye /lapby, meHTputieckas 1mocae0BaTe b
HOCTbB, TIpO0JIeMa, ITUKJINTHOCTH.

OO6JsiacTh mccJe/IOBaHUsI: KaveCTBEHHAs] TEOPUsl JTUHAMUYIECKUX CHUCTEM, UHTErPUPYEMOCTH
MOJIMHOMMAJIBHBIX T depeHITnaabHbIX CHCTEM.

Ilenp paboThl: oImpejie/ieHre yCJIOBUN CYINECTBOBAHUS IEHTpa i KyOudecko#t juddepen-
IUAIBLHOM CUCTEMBI ¢ 0CO00# TOUKOIT THIIA TIeHTPpa 1K (hOKyca ITPU HAJIMYUUN JIBYX HHBAPUAHTHBIX
IIPAMBIX U MHBAPUAHTHON KPUBOI TPETLErO IIOPSIKA.

3asmaum uccjaeJoBaHUsI: HaX0XKICHUE YCJIOBUIl CyIIECTBOBAHNUS JIBYX MHBAPUAHTHBIX MPSIMbIX 1
MHBapPUAHTHON KPUBOH TPETHEro Mopsaka B Kyoudeckoil quddepeHiuaabHoil CucTeMbl ¢ 0C000it
TOYKOW THUIIA TEeHTPa Wu (POKYCa; OIpEJIeJICHUEe YCJIOBUN MHTEIPUPYEMOCTH CUCTEM; pPellieHue
npobJjieMbl  TIEHTpa U [POOJEMBbl  IMUKJIUYHOCTH JjId KyOMYeCKHX CHCTEM C JIByMs
MHBAPUAHTHBIMU TPIMBIMIA U WHBAPUAHTHON KPUBOH TPETHETO MOPSIKA.

HoBu3sHa m Hay4YHasi OPUTMHAJIBHOCTB: i KyOHM4ecKoil jauddepeHnaibuoii CucTeMbl ¢
JIByMsI WHBAPUAHTHBIMHU TPSMBIMUA U WHBAPUAHTHOW KPHWBOI TPETHErO IMOPsiIKa ObLIa perieHa
1pobJieMa IIeHTpa U OblJIa YCTAHOBJIEHA IUKJINIHOCTH 0COOON TOUKHU THIIA IeHTpa uian (okyca.
Bruto mokazano, uto sobas Kybudeckasi cucteMa ¢ 0coOO#l TOYKOI Tulla IeHTpa NMpH HAJTUYIUN
JIBYX WHBApPUAHTHBIX MPAMBIX U WHBAPUAHTHON KPUBOH TPETHErO TOPsIKA WHTErpUpyeMa B
cmbicsie JlapOy win mmeeT oCb CUMMETPUU.

I'maBHas penieHHas HayYHas 33Ja9a COCTOUT B YCTAHOBJICHUH d(PMDEKTUBHBIX COOTHOIICHUT
MeXK/1y ajareOpamvdecKuMu WHBAPUAHTHBIMU KPUBBIME, (DOKYCHBIMU BEJIUIMHAMU W JIOKAJJIHHOM
UHTETPUPYEMOCTBIO, YTO CIIOCOOCTBOBAJIO PA3BUTHUIO METOJIAa HHTETPUPYEMOCTH B cMbIcie /lapOy,
YTO TO3BOJIUJIO TIOJIYIYUThH HOBbIE HEOOXOIMMbIE U JIOCTATOYHBIE YCJIOBUS IEHTPA, JIJIsT KYOUIeCcKux
CUCTEM C JIBYMSI MHBAPUAHTHBIMU MPAMBIMU 1 WHBAPUAHTHON KPUBOH TPETHETO MOPSIIKA.
TeopeTrudyeckass 3HAYMMOCTH PabOTHI: ObL pa3padoTaH MeTOJ| HCCJIEIOBAHUS ITPOOIEMbI
IEHTPA, OCHOBAHHBIN HA COOOTHOIIEHUSX MEXKJIY aareOpamvdecKuMu WHBAPUAHTHBIMU KPUBBIMH,
dOKYCHBIMU BEJITMINHAMHI ¥ WHTEIPUPYEMOCTHIO B cMbIcye JlapOy.

IIpakTuyeckass 3HAYMMOCThb PAaOOTHI: ObLIM IIOJIyYEeHHBI HOBBIE PE3YJIbTATHI II0 IIPodJieMe
IEHTpAa U pobieMe IUKJIMTHOCTH, KOTOPBIE SBJISIOTCS BaXKHBIM IIATOM B pertenuu 16-it mpobieMbl
IMunsbepTa 0 TpeIe/TbHBIX TTHKJIAX.

BHenpenue HayYHBIX Pe3YJIBTATOB: I[OJIYUYEHHbIE PE3YJILTATHI MOI'YT OBITH HMCIIOJb30BaHbI
pU JAJIbHEHIIIeM 3y IeHun TPOOIeMbl UHTETPUPYEMOCTH U IIPOOJIEMBI TTPE/IETbHBIX ITUKJIOB TT0JIH-
HOMUAJIBHBIX CUCTEM, TIPU Pa3paboTKe TeM MaruCTepcKuX paboT U HEKOTOPBIX CIIEIKYPCOB JIJIst
bu3nKo-MaTEMaTHICCKUX CIENUAJIBLHOCTEH, MPU UCCJIECJOBAHUN HEKOTOPBIX MaTeMATHYCCKUX

MO,HeJIefI, OIIMCBbIBaIOMINX COIIMaJIbHbIE W IIPUPOAHBIC ITPOIECCHI.
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ANNOTATION
Dascalescu Anatoli, "Integrability of cubic differential systems with
invariant straight lines and invariant cubics".
PhD Thesis in Mathematical Sciences. Chiginau, 2019

Thesis structure: introduction, four chapters, general conclusions and recommenda-
tions, bibliography of 150 titles, 135 pages of main text. The obtained results were
published in 15 scientific papers.

Keywords: cubic differential system, invariant algebraic curve, the problem of the center,
Darboux integrability, center sequence, the problem of cyclicity.

Domain of research: qualitative theory of dynamical systems, integrability of polyno-
mial differential systems.

Aim of the research: to determine the center conditions for the cubic differential system
with two distinct invariant straight lines and one irreducible invariant cubic.
Objectives of the research: to obtain the conditions for the existence of two invariant
straight lines and one irreducible invariant cubic for the cubic differential system with a
singular point of a center or a focus; to study the integrability of the systems; to solve
the problem of the center and the problem of cyclicity for the cubic systems with two
invariant straight lines and one irreducible invariant cubic.

Novelty and scientific originality: the problem of the center, the problem of cyclicity
and the problem of center sequences were solved for cubic differential systems with two
invariant straight lines and one irreducible invariant cubic. It was proved that every cubic
differential system with a center, having two invariant straight lines and one irreducible
invariant cubic, is Darboux integrable or reversible.

The main scientific problem solved consists in establishing of some efficient relations
between invariant algebraic curves, focus quantities and local integrability, which con-
tributed to the development of the Darboux integrability method. This made possible to
obtain new sets of necessary and sufficient center conditions for cubic differential systems
with two invariant straight lines and one invariant cubic.

The theoretical significance of the work: it was elaborated an efficient method
in solving the problem of center based on relations between the existence of algebraic
invariant curves, focus quantities and Darboux integrability.

The practical value of the work: the results obtained for cubic differential systems
concerning the problem of the center and the problem of cyclicity represent an important
step in solving the 16th Hilbert problem about limit cycles.

Implementation of the scientific results: the obtained results can be applied in
investigations of the problem of integrability and the problem of limit cycles for polynomial
differential systems; can serve as support for Master Thesis and some optional university
courses for students and master students; can be used in the study of mathematical models

which describe some social and natural processes.
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